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Abstract
We show how different modifications of Kantowski-Sachs cosmolo-
gies emerge in four dimensions as dimensional reduction of the gauged
Wess-Zumino-Witten model based on SO(2, 2)/SO(2).
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Nontrivial gravitational backgrounds that can be obtained using gauged
WZW models are of special interest mainly because from them one can ex-
tract information using both conformal field theory techniques and lagrangian
methods [1] . As conformal field theories, these backgrounds can be taken
as exact solutions of the bosonic string or superstrings1. The classification
of cosets which have one time coordinate and dimension up to ten has been
presented in [3], still there is almost no information on the details of the
theories. In this letter we concentrate on one of the five dimensional cosets
SO(2, 2)/SO(2) which upon dimensional reduction to four dimensions yields
different modifications of Kantowski-Sachs cosmologies for early time and for
large values of time gives static universes.
We concentrate on the SO(2, 2)/SO(2) coset as it is defined in the ax-
ial gauging since the vector gauging can be obtained performing a duality
transformation [4]. The axial gauging of the WZW model has the following
action
I(g, A) = kI(g)− kIA
I(g) =
1
4π
∫
Σ
d2zTr∂zg∂z¯g
−1
+
1
6π
ǫijk
∫
B,∂B=Σ
d3yg−1∂igg
−1∂jgg
−1∂kg
IA =
1
2π
∫
Σ
d2zTr[Az¯g
−1∂zg + Az∂z¯gg
−1
+ ARz gA
L
z¯ g
−1 + AzAz¯]. (1)
The parametrization of the group element g ∈ SO(2, 2) is as in [5], i. e.,
g = hτ , where h ∈ SO(2, 1) and τ ∈ SO(2, 2)/SO(2, 1). The matrix τ has
the form:
τ =
(
b (b+ 1)Xˆν
−(b+ 1)Xˆµ ηνµ − (b+ 1)XˆµXˆν
)
, (2)
1In the latter case the Kazama-Susuki construction or heterotic coset models [2] must
be used
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here Xˆµ is the arrow (x1,−x2,−x3), b = (1−x2)/(1+x2) and the indices are
contracted with the Minkowski metric ηµν = diag(1,−1,−1). The matrix
h is constructed using the Euler parametrization, h = g34(φL)g23(r)g34(φR),
here gij is the one-parametric subgroup of (pseudo)rotation in the (i, j) plane.
We consider the gauge transformation generated by T = L34; a gauge fixing
condition is φL = 0, since the gauge transformation acts on this variable
as φL → φL + α where α is the gauge parameter. A convenient change of
coordinates is:
x1 = t cosh θ, x2 = t sinh θ cosψ, x3 = t sinh θ sinψ (3)
In these new coordinates we obtain
I(g) =
1
2π
∫
Σ
d2z
(
4
(1 + t2)2
∂zt∂z¯t− ∂zr∂z¯r + ∂zφ∂z¯φ
− 4t
2
1 + t2
(
∂zθ∂z¯θ + sinh
2 θ∂zψ∂z¯ψ
− cos(ψ − φ)∂zθ∂z¯r +
sinh 2θ
2
sin(ψ − φ)∂zψ∂z¯r
+ 2 sinh2 θ∂zψ∂z¯φ
))
, (4)
where φ = φR. The currents of the model, which are defined as Jz¯ =
TrT∂z¯gg
−1 and Jz = TrTg
−1∂zg are:
Jz = −
2t2
1 + t2
sinh 2θ sin(ψ − φ)∂zr −
2(1 + t2 cosh 2θ)
1 + t2
∂zφ+
4t2 sinh2 θ
1 + t2
∂zψ
Jz¯ = −
2t2
1 + t2
(cos(ψ − φ) sinh r sinh 2θ + 2 cosh r sinh2 θ)∂z¯ψ
− 2 cosh r∂z¯φ−
4t2
1 + t2
sinh r sin(ψ − φ)∂z¯θ. (5)
another ingredient is Na = Tr(T
2 + TgTg−1),
Na = −
2t2
1 + t2
(cos(ψ − φ) sinh r sinh 2θ + cosh r cosh 2θ + 1)− 4 cosh
2(r/2)
1 + t2
.
(6)
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The low energy limit can be reached substituting the gauge field by its equa-
tion of motion and shifting the dilaton field by a certain amount,
I = I(g) +
∫
Σ
d2z
JzJz¯
2πNa
Φ = Φ0 + lnNa (7)
For t = 0 which means that we move from SO(2, 2) to SO(2, 1) (see that
for t = 0 we have τ = 1 eq. 2) and after changing the level (k → −k) we
reproduce the result of [6] where SO(2, 1)/SO(1, 1) was considered. Although
the five dimensional background that emerges as the low energy limit of this
construction is interesting in itself we concentrate on the following situation.
As can be seen from eqs. (4-6) the background is independent of one variable,
giving us the possibility of dimensionally reducing the background to four
spacetime dimensions. In this letter we are going to focus on the emerging
four dimensional backgrounds.
The following change of coordinates
ψ − φ→ ψ φ→ κ (8)
makes the fact that the 5d background is independent of κ explicit. The
dimensional reduction can be made following [7] and the resulting metric for
small values of t is
ds2 = dt2 − 1
4
dr2 − t2(dθ2 + sinh2 θdψ2)
− t2(cosψdθdr + sinh 2θ
2
sinψdψdr). (9)
This metric can locally be represented as a Kantowski-Sachs model if we
change: r → 2r, dθ → dθ + cosψdr, dψ → dψ + coth θ sinψdr. A similar
metric, namely ψ → ψ − π/2, appeared in a recent study of gauge WZW
models based on SO(2, 2)/SO(2)×SO(1, 1) [8] and was shown to describe a
modified Kantowski-Sachs anisotropically expanding universe. This is a very
interesting case since in general dimensional reductions of WZW models do
not coincide with gauging the corresponding symmetry, an example is given
in [9]. In the case under discussion the relation is obtained because both
contributions to the metric (from dimensional reduction and for gauging the
4
symmetry) are of the order O(t4). The rest of the background includes U(1)
gauge fields according to Aµ =
1
2
gµκg
κκ
Ar = 2t
2 sinψ coth(r/2)
Am = −t2 sinh 2θ sinψ/2 sinh2(r/2)
Aη = t
2 sinh 2θ cosψ coth(r/2), (10)
and an antisymmetric tensor
Brθ = −4t2 cosψ
Brψ = 2t
2 sinh 2θ sinψ
Bθψ = 0 (11)
The dilaton field in the small t limit is Φ = 2 ln sinh(r/2). For large values of
t the theory describes a static universe, this can be seen taking the limit of
large t in (4-6) and changing t→ 1/t. If instead of the change (8) we make
ψ − φ→ ψ ψ → κ, (12)
in the small t limit for the metric we find
ds2 = dt2 − 1
4
dr2 − t2(dθ2 + 1
2
sinh2 θdψ2)
− t2
(
cosψdθdr − sinh 2θ sinψ
4
(tanh2(r/2) + 2)drdψ
+
1
4
(cosh 2θ tanh2(r/2) + 1)dψ2
)
(13)
This is another modification of a Kantowski-Sachs metric with negative cur-
vature. Since
√
−G = 4t2
√
cosh 2θ(1 + tanh2(r/2)) we see that the metrics
describes an expanding universe. The anisotropy is shown by the fact that
a distance measured only in the r direction does not depend on time while
for any other direction θ, for instance, we have t∆θ. The componets of the
U(1) gauge field are
Ar = −t2 sinh 2θ sinψ(1 + coth2(r/2)
Aθ = 2t
2 sinψ coth(r/2)
Aψ = −1/2, (14)
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the antisymmetric tensor componets are
Brθ = −4t2 cosψ
Brψ = t
2 sinh 2θ sinψ(1 + tanh2(r/2))
Bθψ = 4t
2 sinψ tanh(r/2). (15)
It can be the case that some of the backgrounds presented here are not
conformally invariant. We remind that we have presented some limits (small
and large values of time) of conformally invariant theories which need not to
be conformally invariant themself2. To restore conformal invariance at the
one loop level (large k in eq. 1) it might be necessary to account for all the
powers of t. Nevertheless from the geometrical point of view, the backgrounds
we have presented here completely determine the physics of spacetime at the
given limits.
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